In this paper, calculus of variations and combined blade element and momentum theory (BEMT) are used to demonstrate that, in hover, when neither root nor tip losses are considered; the rotor, which minimizes the total power (MPR), generates an induced velocity that varies linearly along the blade span. The angle of attack of every blade element is constant and equal to its optimum value. The traditional ideal twist (ITR) and optimum (OR) rotors are revisited in the context of this variational framework. Two more optimum rotors are obtained considering root and tip losses, the ORL, and the MPRL. A comparison between these five rotors is presented and discussed. The MPR and MPRL present a remarkable saving of power for low values of both thrust coefficient and maximum aerodynamic efficiency. The result obtained can be exploited to improve the aerodynamic behaviour of rotary wing micro air vehicles (MAV). A comparison with experimental results obtained from the literature is presented.
INTRODUCTION
The increasing interest and efforts devoted to the development of smaller, lighter, and more agile micro air vehicles is principally focused on fixed, rotary, and flapping wing vehicles. According to reference [1] micro air vehicles (MAV) sometimes are also referred to as nano air vehicles (NAV) and the frontier between both is not well established. Their maximum gross take-off weight is less than 0.2 kg and length dimensions are less than 0.15 m. In what follows, and because this paper is focused on rotary wing vehicles, the acronym MAV will apply to rotary wing micro or nano air vehicles. Rotary wing vehicles are particularly well suited for reconnaissance or observation missions because they excel at hovering, which is the main flight mode of such missions. However, aerodynamic forces depend on Reynolds number, and it is very well known that MAV operate at very low Reynolds numbers (see for instance reference [2] ) at which the aerodynamic efficiency severely decreases. Taking this into consideration, the maximization of hover performance of MAV necessarily requires the optimization of the rotor design. A literature review of the state of MAV developments and emerging technological trends oriented to improve the flight efficiency of these vehicles can be found in reference [1] .
Helicopter design optimization is a complex issue because, among other aspects, the optimization process usually involves multidisciplinary objectives together with an important number of constraints. A literature revision of helicopter optimization was presented in reference [3] and the following optimization problems were reviewed: composite rotors, detailed geometry shape, flight mechanics, aeromechanical stability, tilt rotor applications, and smart rotor. However, the optimization of MAV is not specifically addressed in this reference. The aerodynamic shape optimization of a rotorcraft has been carried out using different aerodynamic modelling of the main rotor. Thus non-linear frequency domain method to solve the unsteady viscous flow is applied in reference [4] and a 3D Navier-Stokes solver is used in reference [5] . Other authors used simpler models, for instance a combined lifting-line blade with a prescribed wake and a free-wake models are applied in reference [6] . In some cases, even the classic combined blade element and momentum theory (BEMT) is used to perform an aerodynamic shape optimization of a coaxial rotor, see reference [7] , or to evaluate new rotor control mechanisms in MAV, see reference [8] . An example of the utilization of the simplest aerodynamic models, Rankine-Froude momentum theory, is applied to predict helicopter performance in reference [9] .
Because MAV have their own particularities, optimization problems involving such vehicles face different challenges. One difficulty is the manufacturing process for blades of such a small span and chord. Another is that experimental data for airfoils at low Reynolds numbers is difficult to source. The analysis of the performance of a low (4Â10 3 ) Reynolds number airfoil [10] indicates that with decreasing Reynolds number the profile thickness needs to be reduced in order to maintain performance characteristics. Among other considerations, these aspects have led researchers to focus on the development of prototypes based on simplistic models to reduce computational burden and hence enable efficient optimization studies to be conducted. Therefore, in most cases, aerodynamic design and optimization of MAV have been based on the BEMT despite the fact that researchers are aware of the limitations of such an approach, as is pointed out in reference [1] . For instance, small rotor design optimization using BEMT has been recently studied in reference [11] . In this investigation, circular arc airfoils were used and low Reynolds numbers in a range from 5Â10 3 to 6Â10 4 were considered. It is well known that at these low Reynolds numbers, the aerodynamic efficiency of a conventional airfoil is reduced in comparison to that at high Reynolds numbers [12, 13] . The review presented in reference [14] remains the basic reference to describe the aerodynamics of low Reynolds numbers airfoil. Recently, some efforts to experimentally understand the behaviour of the wake of a rotor at low Reynolds numbers have been carried out. For instance, a detailed high-resolution flow visualization of the viscous wake of a rotor operating at low Reynolds numbers can be seen in reference [15] . The development of a micro-coaxial rotorcraft and its hovering performance are described in reference [16] . Moreover, because the small size of the blades plays a fundamental role in the manufacturing of the rotor, many of the airfoils used are of a relatively simple shape, for instance the above-mentioned circular arcs, as presented in reference [11] . These simple aerodynamic shapes exhibit low aerodynamic efficiency, thus further emphasizing the need for designing optimum low Reynolds number rotors.
The goal of this article is to provide a mathematical framework based on calculus of variations to obtain the geometry of the minimum power rotor under the classic combined BEMT. Once this framework is established, the rotor which minimizes power coefficient, for a given thrust coefficient, emerges as a natural consequence of the mathematical theory. This minimum power coefficient rotor (MPR) does not correspond to the traditional ideal twist rotor (ITR) or the traditional optimum rotor (OR) defined by most helicopter textbooks.
Another contribution of this study is to show that the MPR tends to the OR when the aerodynamic efficiency is high. If the argument is reversed, it can be concluded that for low aerodynamic efficiencies the difference between the power required in hover by the MPR and the OR can be extremely important. This result could play a fundamental role in the aerodynamic design of MAV because the aerodynamic efficiency of such aircrafts is low enough to underline the practical interest of this result.
Finally, the analysis of optimum blade geometries and the corresponding performances including root and tip losses is undertaken. This study reveals that considering root and tip losses modifies significantly the optimum shapes at the blade extremes leading to a better manufacturability but worsens the performances, as expected.
FORMULATION OF THE OPTIMIZATION PROBLEM
This section is divided into two parts. First, the BEMT that describes the aerodynamic power consumption of the rotor is briefly reviewed. Second, the application of calculus of variations is used to define a family of power-related optimization problems.
Blade element momentum theory
As mentioned above, the aerodynamics of a rotor can be described using quite different mathematical models. These models range from Navier-Stokes solvers at the high end of complexity through to blade element and momentum theories at the low level. Blade element theory considers the rotor divided into aerodynamically independent annular rings. The aerodynamic state of every ring is completely defined when the induced velocity is determined.
Momentum theory provides a global description of the aerodynamic state of the rotor (actuator disk). Applying the momentum balance to a differential ring of the stream tube of the rotor, a local version of the momentum theory is obtained, giving rise to the well-known Froude-Finsterwalder equation, see reference [17] . A combination of both differential momentum and blade element theories is established on the basis that the differential thrust computed by both theories must be equal. Following the classic textbooks [18, 19, 20] , the resulting equations are linearized. Finally, the dimensionless expression of the equality of differential thrust is 2
where is the rotor local solidity, x the dimensionless position along the blade length, the angle of attack, C l the lift coefficient, i the dimensionless induced velocity (positive for upwash), and F ð i Þ is Prandtl's root and tip loss function expressed by
where b is the number of blades and x R is the dimensionless root cutout (see reference [20] ). The angle of attack is related to the blade section pitch angle, , through the expression ¼ þ i =x: Using these linearized equations the thrust coefficient, C T , the induced power, C Q i , and the profile power, C Q 0 , coefficients are expressed by
and
where C d is the drag coefficient. Once the shape and aerodynamic characteristics of a rotor are defined, that is, solidity, pitch angle, lift, and drag coefficients, the BEMT equation (1) yields the induced velocity radial distribution, i (x), and using equations (3), (4), and (5) the global coefficients C T , C Q i , and C Q 0 are computed.
Variational framework
Following the well-known theory of calculus of variations, see reference [21] , let us consider the following family of optimization problems: determine the set of control functions X i ðxÞ, i ¼ 1, . . . , n, such that minimizes the functional
subject to the constraint of a given thrust coefficient,
being
and the algebraic constraint imposed by equation (1) at each annular ring
where LðX i , xÞ is the objective function which has usually been related to some part of the power consumption of the rotor, for instance induced one, profile one, or other combinations. Depending upon the optimization problem, the control functions X i are usually related to the shape of the blade required to optimize the objective function and the radial distributions of certain aerodynamic parameters. In our case, these control functions could be the dimensionless induced velocity, i (x), the pitch angle, (x), and rotor solidity, (x); although in the following analysis, the pitch angle is substituted by the angle of attack (x) of the blade elements. BEMT considers the aerodynamic state of a blade element independently of other blade elements -in other words there are no differential equations that govern the evolution of the variables along the blade span -and as such there are no state variables in this type of variational problem (for a more detailed discussion, see reference [21] ).
Using standard calculus of variations, the problem is transformed by changing the integral constraint (7) to the following differential constraint
and by adjoining the differential and algebraic constraints with their corresponding Lagrange multipliers, and , the following augmented problem is defined
with N(X i ,x) given by equation (9) . The variational Hamiltonian of the augmented problem is defined by:
and by integrating the term dC T =dx by parts, the augmented problem can be written as
The first variation of the augmented functional, J Ã , where d stands for variation, can be written as
To minimize the functional J Ã , its first variation must be equal to zero, that is, J Ã ¼ 0: This can only happen if the set of Euler-Lagrange equations of the calculus of variations are fulfilled, that is
together with the fact that the variations of the thrust coefficient at the boundary conditions, C T j x¼1 and C T j x¼x R , are both zero because the values at the boundaries, that is C T ðx R Þ ¼ 0 and C T ð1Þ ¼ C T , are both prescribed in equation (10). Since @H =@C T ¼ 0, equation (14) yields a constant value for the Lagrange multiplier . Finally, the Euler-Lagrange equations together with both differential and algebraic constraints, yield the two-point boundary-value problem defined by equations (9) (10), and the set of n equations
where L depends on the particular optimization problem that is considered, but M and N are given by equations (8) and (9) for all of the optimization problems analysed in this paper. This two-point boundary-value problem provides nþ2 equations to solve the n optimum control functions, X i ðxÞ, and the two Lagrange multipliers and (x). For the more general case considered here, the control functions X i in (16) are the radial distribution of induced velocity,
, the radial distribution of angle of attack, X 2 ¼ (x), and the radial distribution of local solidity, X 3 ¼ (x). Considering these definitions, equations (16) are particularized as
with F( i ) given by equation (2).
DETERMINATION OF OPTIMAL HOVERING ROTORS
In what follows, the mathematical formulation presented in section 2 is applied to obtain the characteristics of the ideal twist rotor, ITR, the optimum rotor, OR, and the minimum power coefficient rotor, MPR. Finally root and tip losses are included in the optimization process, and two additional optimum rotors are obtained, the ORL and MPRL, where L stands for 'root-tip losses included'.
Ideal twist rotor without root-tip losses
The traditional ITR is defined as the rotor which minimizes the induced power coefficient C Q i , for a given thrust coefficient C T , and for constant solidity, (see reference [19] ). In this case the objective function L is
Only two control functions,
are considered, since the rotor local solidity is by definition constant. In the ITR analysis, neither root nor tip losses are considered, and therefore F( i ) ¼ 1 and dF( i )/d i ¼ 0 in equation (17) . Observe that equation (19) does not apply here since is constant.
Taking into account equation (20) , expression (18) is fulfilled whenever À À i ¼ 0 and/or C l, ¼ dC l / d¼ 0. Since in the analysis of the ITR, linear aerodynamics is considered, the angle of attack is assumed to be below the value corresponding to maximum C l . Therefore C l, 6 ¼ 0 and the chosen solution for (18) is À À i ¼ 0. The Lagrange multiplier can be written as
and the induced velocity is
which, as is well known, is independent of the radial position x.
In what follows, the usual analysis included in most common helicopter text books is applied to obtain the geometrical characteristics of the rotor as well as the induced and profile power coefficients. These parameters will be used later on for comparison purposes. The angle of attack is ¼ 4C T ½ð1À x 2 R ÞC l, x À1 and taking into account that ðxÞ ¼ ðxÞ À i =x, the pitch angle distribution of the ITR is obtained as
Then, considering that the drag coefficient can be expressed as C d ¼ 0 þ 1 þ 2 2 , by using equations (4) and (5), the induced and profile power coefficients are expressed as functions of thrust coefficient by
where t is the angle of attack at the blade tip, i.e. ¼ 4C T ½ð1 À x 2 R ÞC l, À1 : Therefore, the traditional result for the ITR is reproduced. Observe that t and must satisfy this relation for the rotor to provide the given C T : Particularizing expressions (22), (23), (24), and (25) for x R ¼ 0, the usual formulation of the induced velocity, the pitch angle and the induced and profile power coefficients of an ITR are obtained, when neither root nor tip losses are considered in the optimization.
Optimum rotor without root-tip losses
The traditional OR is defined as the rotor that presents minimum induced power coefficient and, superimposed to this condition, also presents minimum profile power coefficient (see reference [19] ). The variational problem associated to this definition must then be stated in two steps. First, the minimization problem of C Q i and second, the minimization of C Q 0 taking into account the relations obtained for i ðxÞ, ðxÞ and ðxÞ in the minimization of the induced power coefficient (first step).
On the one hand, the control functions in this problem are X 1 ðxÞ ¼ i ðxÞ, X 2 ðxÞ ¼ ðxÞ, and X 3 ðxÞ ¼ ðxÞ; and on the other hand, the function L is identical to equation (20) but now (x) is a control function. This fact makes it necessary to consider equation (19) in the problem.
Provided that neither C l ðÞ nor dC l ðÞ=d are zero, the solutions ¼ À i and i ¼ 2=3 are obtained (observe that it has been established in section 2.2 that the Lagrange multiplier must be constant). Therefore, the well-known condition of constant induced velocity for arbitrary minimum induced power rotors in hover is obtained. The exact value for i is again the result for the induced velocity given by equation (22). On the other hand, equation (9) can be rewritten as
which is the well-known relation for minimum induced power rotors in hover (see reference [19] ).
Observe that this condition leads to the ITR when constant solidity and linear dependence for C l ðÞ versus is assumed. However, for an arbitrary minimum induced power rotor, no final conclusion can be stated separately for ðxÞ or ðxÞ radial distributions, except that they must satisfy equation (26). When stating the variational problem of minimization of the profile power coefficient, C Q 0 , relation (26) establishes a dependence between the two remaining control functions in the problem (ðxÞ and ðxÞ, observe that the third one, i (x), has been already determined in the first step). Therefore equation (26) must be used to redefine the minimization problem of C Q 0 in terms of only one control function. In this case X 2 ðxÞ ¼ ðxÞ is selected. The functional is now given by
where K ðÞ is the aerodynamic efficiency of the blade section, and no additional restrictions must be considered. The minimization of equation (27) gives rise to
Result (28) implies that the inverse of the aerodynamic efficiency must be minimum, and therefore all the blade sections must operate at the optimum angle of attack, that is ¼ opt , which is the traditional result for the OR. The optimum solidity can be written as
where C l,opt ¼ C l ð opt Þ: The optimum pitch angle distribution is
and using equations (4) and (5), the induced power coefficient results are equal to equation (24) and the profile power coefficient, as a function of the thrust coefficient and the maximum aerodynamic efficiency, K max , is
Observe that these results depend only on the values of C l,opt , opt and K max , and therefore no assumptions are required on the functional dependencies C l ðÞ and C d ðÞ:
Minimum power coefficient rotor without root-tip losses
The MPR is a rotor which minimizes the power coefficient, C Q , for a given thrust coefficient, C T : In this case the control functions are again, as for the OR, X 1 ðxÞ ¼ i ðxÞ, X 2 ðxÞ ¼ ðxÞ and X 3 ðxÞ ¼ ðxÞ, but the function L is now
The value of the Lagrange multiplier, , results in ¼ À i þ x=K ðÞ and equation (18) yields the following expression
which, assuming that 4x 2 2 i 6 ¼ 0, implies equation (28). Thus it is shown that as well as in the case of the OR, the MPR operates at the angle of attack that maximizes the aerodynamic efficiency. However, in the case of the MPR the following expression for the induced velocity is obtained
which indicates that the induced velocity is a linear function of x. Using equation (34) in equation (10) the value for is obtained and the induced velocity results in
with A given by
The optimum solidity can be expressed as
and finally, the optimum pitch angle distribution for the MPR is given by
It should be remarked that equation (38) is also a hyperbolic function of the dimensionless radial position, as well as in the ITR and OR cases. Using the above results in equations (4) and (5), the expressions that define the induced and profile power coefficients as a function of both the thrust coefficient and the maximum aerodynamic efficiency, can be expressed as
where the functions h i and g i are
As in the case of the OR, it should be pointed out that results (35) and (37) to (40), depend only on the prescribed C T , C l,opt , opt , and K max values, and therefore no assumptions are required on the functional dependencies C l ðÞ and C d ðÞ:
If K max 44 1 is assumed, equation (35) can be expanded in terms of 1=K max yielding
Expression (43) shows that when the maximum aerodynamic efficiency tends to high values, the induced velocity which minimizes the power coefficient tends to the value corresponding to the traditional ITR and OR, expression (22) . In other words, the induced velocity of the MPR is equal to the one that minimizes the induced power coefficient, plus a linear function of the dimensionless blade span position of order 1=K max : It must be noted that this correction is of the same order as the minimum order retained in the linearized equations of the BEMT, that is C d :
Optimization with tip-root losses
The BEMT model applied in sections 3.1 to 3.3 does not include root or tip losses in the optimization process. Therefore, the optimum geometries obtained are likely to present unrealistic predictions of the rotor performances. In order to obtain geometries closer to the real optima, in this section, the OR and MPR including tip and root losses function defined in equation (2) are obtained. In what follows, the acronyms ORL and MPRL are used to identify the OR and MPR with root and tip losses.
In the case of the ORL, the optimization problem is, by definition, solved again in two steps. First the condition of minimum induced power coefficient, i.e. L is given by equation (20), is applied. The consideration of the tip and root losses in the optimization requires the inclusion of an appropriate model for F( i ) 6 ¼ 1 (like the one presented in equation (2)) in equations (9) and (17) . Now, solving equation (9) for (x), (19) for (x) and substituting the obtained values in equation (17), a new equation for i (x) is obtained with the form
which, together with the two-point boundary-value problem (10) , allows one to numerically obtain a solution for and i (x). It should be remarked that, as will be shown in section 4, equation (44) yields a function i (x) that varies strongly with x at the root and tip blade regions.
In a second step, the profile torque, C Q 0 , is minimized. As in subsection 3.2, in this minimization problem, the angle of attack is the only control function, and therefore the first identity in equation (27) also applies here, yielding, in this case, the functional
whose minimization gives rise to equation (28), meaning that the blade sections must operate at their optimum angle of attack, opt , and therefore C l ()¼C l,opt , C d ()¼C d,opt and K()¼K max. From equation (9) the local solidity is expressed by
and the pitch angle, (x), is
Observe that now neither (x) nor (x) are hyperbolic, as in the case of the traditional OR, since i (x) and F( i ) introduce additional dependencies on the radial position, x. The induced and profile torque coefficients are obtained from expressions (4) and (5) .
In the case of the MPRL, when the tip and root losses are considered, equations (9) and (17) are formally identical to the case of previously developed ORL. The function L is now given by (32). Solving equation (9) for (x) and equation (19) for (x), and substituting both results in equation (18), gives
where it has been considered that C d () ¼ C l ()/K().
Observe that equation (48) indicates again that the blade sections must operate at their optimum angle of attack. After imposing the condition ¼ opt and the solutions previously obtained for (x) and (x), equation (17) results in
The solution of equation (49) along with the twopoint boundary-value problem (10) allows one to numerically obtain the value of and the radial distribution of the induced velocity i (x). Finally, the induced and profile torque coefficients are obtained from expressions (4) and (5) .
DISCUSSION
In what follows the results of the five optimization problems above analysed, ITR, OR, MPR, ORL, and MPRL, are presented. In all cases the number of blades considered is b ¼ 3 and the root cutout is x R ¼ 0.1. The five rotors have been determined to obtain the same given thrust coefficient, C T ¼ 0:005: The airfoil for all the rotors is a NACA-0012. Following the data presented in reference [22] for a Reynolds number of 8 Â 10 4 , the slope of the lift coefficient of a linear fit is C l, ¼ 5:73, and the drag coefficients of a parabolic fit are 0 ¼ 0:0150, 1 % 0:0 and 2 ¼ 1:3709: Using these values of the lift and drag coefficients, the maximum aerodynamic efficiency is K max ¼ 20:0 and the optimum lift coefficient is C l,opt ¼ 0:59, which correspond to an optimum angle of attack opt ¼ 5:99:
The ITR has one degree of freedom which is the value of the uniform solidity. In order to compare the five optimum rotors the constant solidity of the ITR has been chosen as the solidity, which minimizes the power coefficient. In order to achieve this condition, the solidity which minimizes the profile power coefficient is obtained from the expression dC Q 0 = d ¼ 0: Taking into account expressions (24) and (25), and using the value of the angle of attack at the tip, that is ¼ 4C T ½ð1 À x 2 R ÞC l, À1 , the following optimum value of solidity is obtained
When the above-mentioned values are used, the solidity of the ITR which minimizes the power coefficient is ¼0.047. The radial distributions of dimensionless induced velocity are presented in Fig. 1 . In the cases of the traditional ITR and OR, an equal constant value along the blade span, given by expression (22) , is presented, whereas for the MPR, the linear distribution given by equation (35) is shown. Observe, that the MPR compared with the ITR and OR, presents a value of i 36 per cent higher in absolute value (more downwash) at the blade root and 24 per cent lower in absolute value (less downwash) at the tip. The difference is important in this case owing to the low value of the maximum aerodynamic efficiency (K max ¼ 20) as is shown in equation (43).
When root and tip losses are considered in the optimization process, the respective uniform and linear distributions of i of the OR and the MPR are modified significantly. The downwash decreases in the regions close to the root and tip, whereas it increases at the middle of the blade, keeping, in this blade region, approximately, uniformity in the case of the ORL, and linearity in the case of the MPRL. Figure 2 shows the solidity of the five rotors. As already mentioned, when neither root nor tip losses are considered, both the OR and MPR exhibit a hyperbolic dependency, but the OR presents lower solidity at inner sections of the blade, while the MPR shows a lower solidity at the outer sections. Root and tip losses, in the ORL and MPRL, make the local solidity tend to zero both at the root and the tip. The maximum local solidity is significantly decreased when root losses are considered. Hence, in the case of the OR compared to the ORL, this reduction is from The reduction of the maximum value of the optimum solidity distribution as well as the change of its radial location to higher x values, is a beneficial effect of root losses, from the point of view of the manufacturability of the rotor. As an example, the layouts of the four rotors OR, ORTL, MPR, and MPRTL are depicted in Fig. 3 , for the conditions defined at the beginning of this section and for a rotor with radius R ¼ 0.15 m. Figure 4 shows the pitch angle distributions. The value corresponding to the ITR at the inner section is remarkably higher compared to both the OR and the MPR while at the outer sections this tendency is reversed. The inclusion of root and tip losses does not significantly change the radial distribution of the pitch angle. In the case of the OR, MPR and their corresponding counterparts with root and tip losses, ORL and MPRL, the maximum value of the pitch angle is less than 45 , which is perfectly realizable.
The aerodynamic efficiency is shown in Fig. 5 . Only the ITR presents a non-constant distribution of K since the angle of attack is not constant. In fact, the angle of attack of this rotor shows a hyperbolic radial dependency. In the case of the OR, MPR, ORL, and MPRL, the aerodynamic efficiency corresponds to the maximum value as was obtained in equation (27) for the OR and ORL and in equations (33) and (48) for the MPR and MPRL respectively. It must be remarked that the authors consider that opt , C l,opt , and K max are constant along the blade span. Obviously this is not exactly true since the local Reynolds number based on the local velocity and the chord of the blade section is not constant. However, within the scope of this paper this hypothesis is considered accurate enough.
In order to illustrate the differences found in the performances of the five rotors, the radial distributions of thrust coefficient are shown in Fig. 6 . The five dC T /dx distributions have the same integral value C T ¼ 0:005: The ITR and OR present the known linear distribution. The MPR presents a . 4 Optimum distributions of pitch angle for the ITR ( ¼ 0:047), OR and MPR, ORL and MPRL for the conditions reported in Fig. 1 much more uniform distribution along the blade span, which can be interpreted as a design advantage, since the bending moments at the root will be less than in the ITR and OR. Root and tip losses make the values of the distribution zero at the root and at the tip. Again, in the MPRL, the inner blade sections contribute more to the C T than in the ORL. The tendency in the outer blade sections is inverted. Observe that the maximum value of dC T /dx for the MPRL is reduced significantly and moves towards the root compared to the ORL. This characteristic is likely to mean an advantage in the structural design of the blade coupling at the root, probably giving rise to lighter blade designs. This goal is one of the four main challenges for the development of MAV identified in reference [1] . The induced power coefficient distribution is shown in Fig. 7 . As is well known, the radial distribution of the induced power coefficient of the ITR and OR is a linear one. It is shown, however, that the induced power of the MPR is a non-linear distribution which, compared with the ITR and OR, is higher at the inner blade sections and lower at the outer sections. The MPR presents a much more uniform radial distribution of dC Q i =dx compared with both the ITR and the OR. This result is similar to the one obtained for the distribution of thrust coefficient. Root and tip losses make the value of the induced torque distribution go to zero at the blade extremes. It is remarkable that the MPRL presents a much flatter radial distribution compared to the ORL. This characteristic dominates, as is shown below, the shape of the total torque coefficient distribution.
The profile power coefficient (Fig. 8 ) of the ITR is evidently higher than the profile power of the OR. In addition, the OR presents a lower profile power coefficient at the inner sections, while, at the outer sections, the MPR shows a lower profile power coefficient. The effect of the root and tip losses is similar in this case. As is expected, the distributions go to zero at both blade extremes for the ORL and the MPRL since (x) does in both cases.
Finally, Fig. 9 shows the total power coefficient. It can be seen that the ITR power coefficient distribution is higher than that for both the OR and MPR. The MPR presents a flatter distribution of total torque coefficient. When root and tip losses are considered, the ORTL and MPRL distributions tend to zero at the Fig. 1 blade extremes, as expected. The radial distribution for the MPRL is flatter, and the corresponding maximum value is less compared with that of ORL, and it is located at a significantly smaller radial position. Table 1 summarizes the global power coefficients and shows the global value of induced, profile and total power coefficients for the five rotors. It is clear that both the ITR and OR present the minimum induced power while the MPR exhibits the lowest value of profile power. The reduction of profile power of the MPR is high enough to ensure that the MPR requires the minimum amount of total power, as expected. Root and tip losses increase the power consumption, but even considering this effect, the power saving of the MPRL compared to the ORL is about 1.7 per cent. As is analysed below, this power saving increases significantly for lower values of C T and K max . Figure 10 represents the ratio between the induced power coefficients of the MPR and OR as a function of the given thrust coefficient, C T , with the maximum aerodynamic efficiency, K max , as a parameter. The induced power coefficient ratio between the MPR and OR is, as expected, higher than one owing to the fact that the OR minimizes the induced power coefficient and therefore the induced power of the OR is a minimum. However, the MPR presents an induced velocity which is not constant with respect to the dimensionless blade span position, therefore leading to an induced power coefficient which is not minimum. The ratio increases significantly as the values of C T and K max decrease. The value for this ratio is about 1.34 for C T ¼ 0:002 and K max ¼ 10 when neither root nor tip losses are considered. The difference is reduced when root and tip losses are taken into account. For high values of K max the ratio is almost one.
The ratio of profile torque coefficient follows the opposite trend ( Fig. 11) . It is less than one, indicating that the profile torque coefficient is lower for the MPR compared to the OR. The reduction of C Q 0 for the MPR reaches 32 per cent for C T ¼ 0:002 and K max ¼ 10. The effect of root and tip losses is to reduce this difference, hence the MPRL presents a 29 per cent reduction in C Q 0 compared to the ORL. As in the case of the induced power coefficient, the differences between MPR and OR, and between the MPRL and ORL are less as C T and K max increase, thus the differences in C Q 0 go down to 2 per cent for C T ¼ 0:01 and K max ¼ 100.
The ratios of the total power coefficient of the MPR to the one of the OR and their counterparts with root and tip losses are presented in Fig. 12 . The overall behaviour of the results shows that the OR does not minimize the total power coefficient. The MPR evidently requires lower power than the OR, because the reduction of the profile power coefficient of the MPR outweighs the increase of its induced power coefficient when it is compared to the OR. It is also worth observing that the differences between the MPR and OR are higher when C T and K max are lower, yielding a remarkable saving of power consumption. The effect of root and tip losses is to slightly decrease the reduction in power consumption of the MPRL compared with the ORL. The reduction in C Q reaches a value of 10 per cent for C T ¼ 0:002 and K max ¼ 10. The saving in C Q for high values of C T and K max is almost negligible.
Regarding the figure of merit (FM), the relative difference between the MPR and OR and their corresponding counterparts including root and tip losses are shown in Fig. 13 . It can be observed that the relative difference of the FM increases, not only when the maximum aerodynamic efficiency is low, but, also, when the thrust coefficient is low. Therefore the situation in which the OR and MPR differ more, corresponds to low thrust coefficient and low maximum aerodynamic efficiency values. As is mentioned in section 1, this situation usually appears in the design of rotary wing MAV. Root and tip losses moderate the improvement of the FM of the MPRL compared to the ORL, reaching an increment of 10 per cent for C T ¼ 0:002 and K max ¼ 10. Figure 14 shows the comparison for the FM of the OR, MPR, ORL, and MPRL with experimental results presented in reference [23] with respect to the thrust coefficient. The experimental results obtained from reference [23] correspond to two rotors, both with a [23] . The maximum aerodynamic efficiency is K max ¼ 9:8 and the optimum angle of attack opt ¼ 9:8 degrees. Using these values, the OR, ORL, MPR and MPRL are completely defined. As can be seen, the lower the value of the thrust coefficient, the greater the difference between the OR and MPR with the experimental data. The maximum aerodynamic efficiency is about 10, hence, this value is low enough to yield an important difference between the FM of the OR with respect to the MPR, which represents the upper bound. As stated in reference [23] , the differences between twisted and untwisted configurations are not very important. However, as also indicated, the profile power plays a fundamental role in power losses and therefore the MPR shows the importance of defining not only the appropriate twist distribution, but also the chord distribution, in order to obtain the maximum aerodynamic performance in hover. Observe that when root and tip losses are considered, both, the ORL and MPRL performances are closer to the experimental results. Figure 15 shows, depending upon the value of the thrust coefficient, that the improvement in the FM is about four times the experimental value at low thrust coefficient values, while at high values is about 10 per cent higher.
CONCLUSIONS
In this article calculus of variations has been used to define five optimum rotors. Two of them correspond to the well-known ITR and OR. The third rotor analysed in this paper is the rotor which minimizes the total power coefficient, MPR.
An interesting result is that the MPR does not produce a constant induced velocity along the blade span. Moreover, the induced velocity radial distribution is a linear one. As far as the authors know, the MPR obtained in the present paper has not been reported in the literature before. Also, the derivation from a calculus of variation approach of the wellknown ITR and OR has not been reported before.
The results presented herein are valuable and interesting in themselves for two reasons. First, from an educational point of view, the use of calculus of variations is an excellent tool to show students a rigorous mathematical demonstration of the solidity, twist, and induced velocity distributions of the ITR, OR, and MPR. Second, calculus of variations can be used with more complex simulation models and the final optimization problems will also be more complicated to deal with. Evidently, in this case, the problems should be tackled with numerical methods in order to obtain the corresponding solution.
The MPR tends to the OR when the aerodynamic efficiency is high enough. This behaviour opens an important practical application for the MPR owing to the low values of aerodynamic efficiency that rotary wing MAV exhibit. When both root and tip losses are included in the optimization process, the optimum solidity is significantly changed at the blade root and tip, leading to more realizable rotors. For maximum aerodynamic efficiency of about 10, the ratio between the FM of the MPRL and that of the ORL can be about 3 per cent for high values of thrust coefficient, about 0.01, and of 11 per cent for thrust coefficient about 0.002.
Finally, and considering the blade shape of the MPRL obtained, its implementation to MAV could lead to new designs in this leading technological field. Of course, a trade-off between aerodynamic performance and simple manufacturing of MAV rotor blades would be encountered. The MPRL obtained in this paper should stimulate micro air vehicles manufacturing processes that permit the production of more complex geometry rotor blades.
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